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THE SYSTOLE OF LARGE GENUS MINIMAL SURFACES
IN POSITIVE RICCI CURVATURE
HENRIK MATTHIESEN AND ANNA SIFFERT
Abstract. We use Colding–Minicozzi lamination theory to study the
systole of large genus minimal surfaces in an ambient three-manifold of
positive Ricci curvature.
1. Introduction
In 1985, Choi and Schoen [CS85] proved that the space of compact embed-
ded minimal surfaces with bounded genus in a closed ambient three-manifold
M of positive Ricci curvature is compact in the Ck topology for any k ≥ 2.
Conversely, in the present paper we want to study properties of minimal
surfaces in such ambient manifolds if the genus becomes unbounded.
Our main result shows that the systole tends to zero as the genus goes to
infinity. Recall that the systole of a closed surface Σ ⊂M is defined to be
sys(Σ) := inf{length(c) | c : S1 →M non-contractible}.
Similarly, the homology systole is given by
sysh(Σ) := inf{length(c) | 0 6= [c] ∈ H1(Σ;Z/2Z)}.
Clearly, we have
sys(Σ) ≤ sysh(Σ).
More generally, for k ∈ N∗, let us define the k-th homology systole by
syshk(Σ) := inf{ max
i=1,...,k
length(ci)| rank(〈c1, . . . ck〉) = k},
where the span 〈c1, . . . , ck〉 is taken in H1(Σ;Z/2Z).
We use Z/2Z-coefficients here to deal with orientable and non-orientable sur-
faces simultaneously. Of course, for orientable surfaces we can equivalently
use Z-coefficients.
We can now state our main result.
Theorem 1.1. Assume that (M,g) is a three-manifold with positive Ricci
curvature. Let k ∈ N∗ and consider a sequence (Σj)j∈N of closed, embed-
ded minimal surfaces in M with χ(Σj) → −∞ as j → ∞. Then the k-th
homology systole satisfies
syshk(Σj)→ 0,
as j →∞.
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For generic metrics, the compactness theorem by Choi–Schoen implies
that there are at most finitely many closed, embedded, minimal surfaces of
a given genus in (M,g) as above. Moreover, by recent work of Marques–
Neves [MN17], any closed three-manifold of positive Ricci curvature admits
infinitely many distinct closed, embedded, minimal surfaces. Even more re-
cently, the existence of infinitely many closed, embedded minimal hypersur-
faces was established in the general case by Song [S18]. Moreover, it follows
from the recent work of Chodosh–Mantoulidis on the Allen–Cahn equation,
that any three manifold of positive Ricci curvature admits a sequence of
minimal surfaces, with linearly growing genus, but sublinearly growth of
area, [CM18]. Therefore, for these surfaces, Theorem 1.1 is automatically
true (cf. Theorem 4.6).
To put our result into some more context, we want to mention recent work
by Marques–Neves–Irie [IMN18] and Marques–Neves–Song [MNS17] on the
equidistribution of min-max minimal surfaces for generic metrics. Their re-
sults are based on the Weyl law for the min-max widths recently obtained by
Liokumovich–Marques–Neves in [LMN18]. These results present a remark-
able step towards understanding the asymptotic behavior of the minimal
surfaces corresponding to the min-max widths, a question raised in [Ne14].
As mentioned above, for generic metrics, our result gives some information
about the intrinsic geometry of these surfaces, although it is expected, as
in the Allen–Cahn setting, that Theorem 1.1 should be automatic for these
surfaces as well. On the other hand, Theorem 1.1 applies to any sequence of
minimal surfaces with unbounded genus, not only those arising from min-
max methods.
We want to briefly discuss why our result is more subtle than one might
expect at first glance. In general, one could expect that sys(Si)→ 0 for any
(i.e. not necessarily minimal) sequence of surfaces Si in S
3 with genus(Si)→
∞ at least as long as Si are unknotted. However, one can easily produce
counterexamples to this using the Nash–Kuiper theorem: Take a surface Sγ
of genus γ with systole sys(Sγ) ≥ c0 > 0. By the Nash–Kuiper theorem,
there is a C1,α-isometric embedding of Sγ in an arbitrarily small ball Bδ ⊂
R3. After smoothing this and applying stereographic projection, we get a
sequence of closed, unknotted surfaces of unbounded genus in S3, which
have systole uniformly bounded from below.
Moreover,Theorem 1.1 does not hold without any assumptions on the
ambient geometry.
Example 1.2. Denote by Σγ a closed surface of genus γ for γ ≥ 2. It is
shown in [To69] (see also [Ne76] for a generalization) that the three-manifold
M = S1 ×Σγ admits fibre bundles
(1.3) Σδ →M → S1
for δ = γ + n(γ − 1) and n ∈ N. Since pi2(S1) = 0, the long exact sequence
for homotopy groups associated to these fibrations implies that Σδ → M
is incompressible, i.e. the induced map pi1(Σδ) → pi1(M) is injective. It
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follows from [SY79, Theorem 3.1] that there are immersed minimal surfaces
Sδ in M which are diffeomorphic to Σδ and the induced map on pi1 is given
by the inclusion of the fibres from (1.3). Moreover, [FHS83, Theorem 5.1]
implies that these are not only immersions but even embeddings. Since
pi1(Sδ)→ pi1(M) is injective, we have in particular that
sys(Sδ) ≥ sys(M) > 0.
On the other hand, it follows from [SY79, Theorem 5.2] that M does not
admit any metric of positive scalar curvature.
Main problems and strategy. Let us for simplicity focus on the case of
M being simply connected, k = 1 and the systole instead of the homology
systole. We want to argue by contradiction and consider a sequence of
minimal surfaces Σj ⊂ M˜ with sys(Σj) ≥ l0 > 0 and genus(Σj) → ∞. In
general, we would like to pass to a limit Σj → L in the class of minimal
laminations and argue that L has a stable leaf, which would easily lead to
a contradiction. The problem about this is that we can only do this outside
the closed set at which |AΣj |2 blows-up. A priori, the blow-up set could
even be all of M . Work of Colding and Minicozzi gives strong structural
information about the blow-up set if the surfaces in question have bounded
genus. The main step of our proof is to show that the sequence Σj as above
can locally be dealt with in this framework. The reason why this is not
obvious is that we do not have −∆Σjd2(x, ·) ≤ 0 globally (as it is the case
for minimal surfaces in R3). Therefore, the assumption on sys(Σj) does
not directly imply that there is R0 = R0(l0) such that the intrinsic balls
BΣj(x,R0) are contained in disks in the extrinsic balls B(x,R0). Instead,
BΣj(x,R0) is contained in some disk D
j
x ⊂ Σj but Djx could leave any mean
convex ball B(x, r). The main step is to show that this is impossible after
going to a (potentially much) smaller scale. For the general case, we need to
invoke some additional elementary topological arguments and a more careful
blow-up argument in the case of k ≥ 2.
Organization. In Section 2 we provide necessary background from [CM15]
on Colding–Minicozzi lamination theory of minimal surfaces with some con-
trol on the topology. Section 3 contains two weak chord-arc properties for
minimal surfaces contained in small extrinsic balls of an ambient three-
manifold. In Section 4 we give some rather elementary preliminaries on
surfaces and topology and recall a fundamental result from systolic geome-
try which are needed to prove our main result, Theorem 1.1, in Section 5.
Acknowledgments. Both authors would like to thank the Max Planck
Institute for Mathematics in Bonn for support and excellent working condi-
tions. We would also like to thank Fabian Henneke for explanations related
to Example 1.2 and Andre´ Neves for asking us, if it is possible to find more
than a single short curve.
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2. Background on Colding–Minicozzi lamination theory
Colding and Minicozzi developed a theory that describes how minimal
surfaces of uniformly bounded genus in an ambient three-manifold can de-
generate in the absence of curvature bounds. Our arguments are based on
their results and we use this section to provide a very brief introduction to
those parts of their theory that will be relevant in the present paper. We
will focus here on the case of planar domains, since this is sufficient for our
purposes.
We start by recalling the definition of a lamination.
Definition 2.1 (see Appendix B in [CM04d]). (1) A codimension one
lamination on a three-manifold M is a collection L of smooth dis-
joint surfaces Γ, the so-called leaves, such that ∪Γ∈LΓ is closed. Fur-
thermore, for each point x ∈M , there exists an open neighborhood
U of x and a coordinate chart, (U,Φ), with Φ(U) ⊂ R3 so that in
these coordinates the leaves in L pass through Φ(U) in slices of the
form (R2 × {t}) ∩ Φ(U).
(2) A foliation is a lamination for which M = ∪Γ∈LΓ, i.e. the union of
the leaves is all of M .
(3) A minimal lamination is a lamination whose leaves are minimal.
(4) A Lipschitz lamination is a lamination for which the chart maps Φ
are Lipschitz.
Given any sequence of minimal surfaces Σj ⊂M , we consider the singular
or blow-up set
S = {z ∈M | inf
δ>0
sup
j
sup
B(z,δ)
|AΣj | =∞},
i.e. the points z where the curvature blows up. Up to taking a subsequence
one can always pass to a limit
Σj → L in M \ S,
where the convergence is in C0,α and the limit lamination is a minimal
Lipschitz lamination.
In the case of minimal surfaces Σj ⊂ B(0, Rj) ⊂ R3 with bounded genus,
∂Σj ⊂ ∂B(0, Rj) and Rj →∞ the limit lamination has much more structure
than in general (i.e. Rj bounded), see e.g. the example in [CM04e].
We first consider the case of Σj being disks. Colding and Minicozzi proved
[CM04a, CM04b, CM04c, CM04d] that every embedded minimal disk is
either a graph of a function or is a double spiral staircase where each staircase
is a multivalued graph. More precisely, they show that if the curvature is
large at some point (and thus the surface is not a graph), then the surface
is a double spiral staircase like the helicoid. Moreover, in the case Rj →∞
there is a subsequence of Σj converges to a lamination by parallel planes
away from a singular curve S, that is transversal to the planes - see Theorem
0.1 in [CM04d].
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Below we also want to deal with the case where Σj are more general
domains than disks, namely, so-called uniformly locally simply connected
(in short: ULSC) domains.
A sequence of minimal surfaces Σj ⊂M is called uniformly locally simply
connected 1 if given any compact K ⊂M there is some r > 0 such that
Σj ∩B(x, r) consists of disks for any x ∈ K.
Moreover, we define
Sulsc := {z ∈ S : Σj is ULSC near z}.
In the case when the sequence Σj consists of ULSC but not simply con-
nected planar domains ∂Σj ⊂ ∂B(0, Rj) and Rj →∞, we may assume that
there exists some R > 0 such that such that
some component of Σj ∩B(0, R) is not a disk(2.2)
for each j. In this case and if again Rj →∞ a subsequence of Σj converges
to a foliation of M by parallel planes away from two curves S1 and S2.
These curves are disjoint, orthogonal to the leaves of the foliation and we
have S = S1 ∪ S2 - see Theorem0.9 in [CM15].
The main local structural result we need for (not necessarily globally pla-
nar or bounded genus) ULSC sequences concerns so-called collapsed leaves,
whose existence is described in the next lemma. We assume that Σj → L′
in M \ S, where Σj is a ULSC sequence.
Lemma 2.3 (Lemma II.2.3. in [CM15]). Given a point x ∈ S = Sulsc, there
exists r0 > 0 so that Br0(x) ∩ L
′
has a component Γx whose closure Γx is a
smooth minimal graph containing x and with boundary in ∂Br0(x) (so x is
a removable singularity for Γx).
The leaves of the limit foliation L′ may not be complete. A special type
of incomplete leaves are collapsed leaves. A leaf Γ of L′ is collapsed if there
exists some x ∈ Sulsc so that Γ contains the local leaf Γx given by Lemma2.3;
see Definition II.2.9 in [CM15].
By [CM15] every leaf of L′ whose closure contains a point in Sulsc is
collapsed.
We now assume that the ambient manifold is given asM = M¯\{x1, . . . , xk},
where M¯ is complete and xi ∈ M¯ .
Proposition 2.4 (see Section II.3. in [CM15]). Each collapsed leaf Γ of L′
has the following properties:
(1) Given any y ∈ Γclos ∩Sulsc, there exists r0 > 0 so that the closure in
M of each component of Γ∩Br0(y) is a compact embedded disk with
boundary in ∂Br0(y).
Furthermore, Γ ∩ Br0(y) must contain the component Γy given by
1We remark that this is stronger than the definition of Colding–Minicozzi in the case
of non-planar domains.
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Lemma 2.3 and Γy is the only component of Γ∩Br0(y) with y in its
closure.
(2) Γ is a limit leaf.
(3) Γ extends to a complete minimal surface away from {x1, . . . , xk} 2.
The sequences Σj appearing in this manuscript will essentially all be
ULSC. This is equivalent to the fact that the singular set S is given by
Sulsc, i.e. S = Sulsc. Although we will not directly apply the results for
non-ULSC surfaces here, some of our arguments (in particular the proof of
Proposition 5.7) are inspired by those in [CM15] for this case.
3. Chord arc properties
We need two weak chord-arc properties for minimal surfaces contained in
small extrinsic balls of an ambient three-manifold. Given x ∈M and r > 0,
we write B(x, r) for the metric ball in (M,g). If z ∈ Σ and r > 0, we denote
by BΣ(z, r) the metric ball of radius r in Σ with respect to the induced
Riemannian metric.
Let (M,g) be a closed Riemannian three-manifold. For R0 > 0 sufficiently
small, we consider minimal embedded disks Σ in B = B(x0, R0) for some
x0 ∈M . By Σx0,r we denote the connected component of Σ ∩B(x0, r) that
contains x0.
Theorem 3.1. Let Σ ⊂ B be an embedded minimal disk with x0 ∈ Σ. There
is α > 0 such that if BΣ(x0, R) ⊂ Σ \ ∂Σ, then Σx0,αR ⊂ BΣ(x0, R/2).
This is proved in [CM08] for minimal disks in R3, in which case minimal
surfaces have non-positive curvature.
The proof of Theorem 3.1 is exactly as the proof of [CM08, Proposition
1.1]. This does not use that intrinsic subballs BΣ(x,R) ⊂ Σ of a minimal
disk Σ are disks again, but only that they are contained in disks and that
Σx,r is a disk provided that ∂Σ ∩B(x, r) = ∅.
We also need a related chord-arc property for uniformly locally simply
connected surfaces.
Theorem 3.2. Let Σ ⊂ B(x,R) be a minimal surface with x ∈ Σ. Assume
that there is r > 0, such that Σ ∩ B(y, r) consists only of disks for any
y ∈ B(x,R − r). Then, given k ∈ N such that kr ≤ R there is βk > 0 such
that if BΣ(x, βkr) ∩ ∂Σ = ∅, then Σ * B(x, kr).
This is stated in [CM15, Appendix B.1] with intrinsic instead of extrinsic
balls. In our setting, intrinsic balls that are contained in a disk may not
be disks themselves. The version stated above is proved as in [CM15] with
some easy changes using Theorem 3.1.
2i..e. there is Γ′ containing Γ such that if a geodesic in Γ′ can not be extended it limits
to some xi
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4. Some preliminaries on surfaces and topology
In this section we recall some elementary and well known facts about the
topology of surfaces. We also recall some results from systolic geometry.
4.1. Some elementary facts about the topology of surfaces.
Lemma 4.1. Let Σ be a closed surface and c ⊂ Σ a simple closed curve.
Then [c] 6= 0 ∈ H1(Σ;Z/2Z) if and only if c is non-separating.
Proof. Clearly, if c is separating, then [c] = 0 in H1(Σ,Z/2Z). On the other
hand, if c is non-separating, there is a curve d such that |c ∩ d| = 1. In
particular, from the intersection pairing, [c] 6= 0 ∈ H1(Σ,Z/2Z). 
Lemma 4.2. Let Σ be a closed surface and c ⊂ Σ a simple closed curve,
such that [c] 6= 0 ∈ H1(Σ;Z/2Z). If we have c ⊂ B(x, r) and a simple closed
curve d ⊂ Σ homologous to c with d ⊂ M \B(x, r), then d is separating in
Σ ∩M \B(x, r).
Proof. If d is non-separating in Σ\B(x, r) we can find a curve e ⊂ Σ\B(x, r)
that intersects d exactly once. On the other hand, c ∩ e = ∅, which is
impossible, since c and d are homologous. 
Lemma 4.3. Let Σ be a surface, x ∈ Σ, and R > 0, then pi1(BΣ(x,R), x)
is generated by curves of length at most 3R.
For convenience of the reader we give a brief sketch of the argument.
Proof. Let c : S1 → BΣ(x,R) be a loop based at x. Choose a subdivision
0 = t0 < t1 < · · · < tk−1 < tk = 1,
such that
length(c|[ti,ti+1]) ≤ R.
Fix curves di : I → BΣ(x,R) with di(0) = x and di(1) = c(ti) and such that
length(di) ≤ R.
We can then write
c =
(
c|[tk−1,tk] ∗ dk−1
) ∗ (d¯k−1 ∗ c|[tk−2,tk−1] ∗ dk−2) ∗
· · · ∗ (d¯2 ∗ c|[t1,t2] ∗ d1) ∗ (d¯1 ∗ c|[t0,t1]) ,
which implies the assertion. 
Since the Hurewicz homomorphism pi1(B
Σ(x,R), x) → H1(BΣ(x,R);Z)
as well as the map H1(B
Σ(x,R);Z) → BΣ(x,R);Z/2Z) are surjective, we
immediately get the following corollary.
Corollary 4.4. Let Σ be a surface, x ∈ Σ, and R > 0, then the group
H1(B
Σ(x,R);Z/2Z) is generated by curves of length at most 3R.
Lemma 4.5. Let Σ be a closed surface and pi : Σˆ→ Σ a covering. Consider
a simple closed curve c ⊂ Σ and its preimage cˆ = pi−1(c) ⊂ Σˆ. If c is
separating, then also cˆ is separating.
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Proof. If c is separating, we can write Σ\c = Σ+∪Σ− with connected surfaces
Σ±. Moreover, there is a function f : Σ→ [−1, 1] such that {f = 0} = c and
Σ± = {f ≷ 0}. We can then consider the lifted function fˆ = f ◦ pi, which
clearly satisfies {fˆ = 0} = cˆ. Therefore, cˆ separates Σˆ into Σˆ− = {fˆ < 0}
and Σˆ+ = {fˆ > 0}. 
It will be important to keep in mind that the domains Σˆ± might be
disconnected and cˆ is potentially not the boundary of a compact subsurface.
4.2. A result from systolic geometry. We will use the following result
from systolic geometry, that relates the area and the k-th homology systole.
Theorem 4.6 ([BPS12, Theorem 1.2], see also [Gr96]). Let η : N→ N be a
function such that
λ := sup
γ
η(γ)
γ
< 1.
Then there exists a constant Cλ such that for every closed, orientable Rie-
mannian surface Σ of genus γ, we have
syshη(γ)(Σ) ≤ Cλ
log(γ + 1)√
γ
√
area(Σ).
Recall that a non-orientable surface Σ can be written as a connected
sum Σ = Σ1#Σ2, with Σ1 closed, orientable and Σ2 diffeomorphic to RP2
or RP2#RP2. If we replace Σ2 by a disk, Theorem 4.6 easily implies the
following for non-orientable surfaces.
Corollary 4.7. Let η and λ be as above, then there is a constant Cλ, such
that for every closed, non-orientable surface of non-orientable genus δ, we
have
syshη(γδ)(Σ) ≤ Cλ
log(γδ + 1)√
γδ
√
area(Σ),
where γδ = ⌊(δ − 1)/2⌋.
We will only use the following consequence of these results.
Corollary 4.8. Let (Σj) be a sequence of surfaces with −χ(Σj) → ∞. If
area(Σj) = o(−χ(Σj)), then, for any k ∈ N, we have
syshk(Σj)→ 0
as j →∞.
To put this into context, notice that the Choi–Wang bound [CW83] im-
plies for a closed, embedded, orientable, minimal surface Σ that
area(Σ) ≤ C(genus(Σ) + 1),
where C = C(k), if Ric(M) ≥ k > 0.
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5. Proof of the main result
Throughout this section let (M,g) be a closed three-manifold with posi-
tive Ricci curvature. In order to prove Theorem 1.1, we want to argue by
contradiction. Therefore, we study properties of a sequence Σj ⊂ (M,g) of
closed minimal surfaces with syshk(Σj) ≥ l0 > 0. More precisely, we will be
concerned with a limit lamination
Σj → L in M \ S
of such a sequence. For the sake of clarity, we will focus first on the case k = 1
and explain the necessary extensions to handle the general case afterwards.
5.1. The singular set is non-empty. We start with a simple observation
concerning the maximum of the curvature of a sequence of minimal surfaces
inM with unbounded genus. It says, that for a sequence of minimal surfaces
of unbounded genus Σj ⊂M , we necessarily have S 6= ∅. This works without
any assumption on the systole.
Lemma 5.1. Let Σj ⊂ (M,g) be a sequence of closed, embedded minimal
surfaces with χ(Σj)→ −∞. Then there is a sequence of points zj ∈ Σj such
that |AΣj |2(zj)→∞.
Proof. Assume that there is a constant C > 0, such that
(5.2) sup
Σj
|AΣj |2 ≤ C.
By scaling we may for simplicity assume that | sec(M)| ≤ 1. Thus, by
minimality and the theorem of Gauß–Bonnet, the total curvature satisfiesˆ
Σj
|AΣj |2dµΣj = −2
ˆ
Σj
(KΣj − sec(TxΣj))dµΣj (x)
≥ 4pi|χ(Σj)| − 2 area(Σj).
(5.3)
On the other hand we have
(5.4)
ˆ
Σj
|AΣj |2dµΣj ≤ C area(Σj)
by assumption. Combining (5.3) and (5.4), we obtain
4pi|χ(Σj)| ≤ (C + 2) area(Σj).
By assumption the left hand side tends to infinity, therefore we find that
area(Σj)→∞
as j →∞.
We consider the universal covering pi : M˜ → M , where M˜ is compact by
the Bonnet-Myers theorem. Clearly, the minimal surfaces Σˆj := pi
−1(Σj)
also satisfy the pointwise curvature bound (5.2) and have diverging area.
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The pointwise curvature bound (5.2) allows us to pass to a subsequence
(not relabeled) such that
Σˆj → L in C0,α(M˜ ),
where L is a Lipschitz lamination, whose leaves are smooth, complete min-
imal surfaces. Moreover, since area(Σj) → ∞, a standard argument shows
that there needs to be at least one leaf Γ with stable universal cover, see
e.g. the proof of Theorem 1.3 in [CKM17] and the references therein. It
follows from [FS80] and [SY83], that Γ˜ is diffeomorphic to S2. Since M˜ is
simply connected, it does not contain any embedded real projective plane.
Therefore, we need to have Γ˜ = Γ. In particular, Γ is a closed, two sided,
stable minimal surface in M˜ , which gives the desired contradiction. 
Remark 5.5. We could have used Corollary 4.8 instead of Gauß-Bonnet.
However, this relies on the assumption on the systole and is less elementary.
We will exploit such kind of argument below in the proof of the existence of
multiple pinching curves.
5.2. Existence of one short curve. In this subsection we prove Theo-
rem 1.1 for k = 1, i.e. we show that there is at least one homologically
non-trivial curve that becomes arbitrarily short. By Lemma 5.1, in order to
prove Theorem 1.1 we are forced to study the structure of a limit lamination
of Σj in the presence of a non-empty singular set.
We now fix r0 > 0 such that the results from Section 3 apply in any ball
B(x, r0). In particular, any ball B(x, r) ⊂ M with r ≤ r0 is assumed to
have strictly mean convex boundary.
Lemma 5.6. Let Σ ⊂ M be a closed minimal surface such that all non-
separating curves have length at least l0. There is l1 ≤ min(r0, l0/2) de-
pending on M and l0 with the following property. Let c be a simple closed
curve in Σ which is contained in some ball B(x, r0/2) but non-contractible
in Σ∩B(x, r0) and assume that any other curve d with these two properties
satisfies
length(c) ≤ 2 length(d).
If we have
length(c) ≤ l1
then Σ \ c has two connected components Σ1 and Σ2 and these satisfy
Σi ∩ ∂B(x, r0) 6= ∅
for i = 1, 2.
Proof. Write R0 = length(c)/8 and assume that R0 ≤ r0/2 and length(c) ≤
l0/2. Let y ∈ Σ ∩ B(x, r0/2). We claim that there is a unique disk Dy ⊂
Σ ∩B(x, r0) with
BΣ(y,R0) ⊂ Dy
and
∂Dy ⊂ ∂BΣ(y,R0).
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By Lemma 4.3, if there is a non-contractible curve σ in BΣ(y,R0), we can
find a simple closed, non-contractible curve σ′ with
length(σ′) ≤ 3R0 < length(c)/2.
By assumption, σ′ has to be contractible in Σ∩B(x, r0). In particular, there
is a disk Dσ′ ⊂ Σ∩B(x, r0) with boundary σ′. We can iterate this argument
until we obtain the desired disk Dy ⊃ BΣ(y,R0). If Σ is not a sphere, it
follows immediately that such a disk is unique. In the case of Σ being a
sphere there are two such disks in Σ. However, by the choice of r0 not both
of these disks can be entirely contained in B(x, r0).
It follows from Theorem 3.1 and the convex hull property, that we can
find some small α > 0 such that
Σ ∩B(y, αR0) consists of disks for any y ∈ B(x, r0/2).
Choose z ∈ c and take k ∈ N such that kα ≥ 9. In particular, by Theo-
rem 3.2, there is βk > 1 such that the connected component
(BΣ(z, 2βkαR0) ∩ Σi ∩B(x, r0))z
containing z is either all of Σi or intersects ∂B(z, 9R0) non-trivially. If we
can rule out the former case it follows from the convex hull property that
Σi ∩ ∂B(x, r0) 6= ∅,
since
c ⊂ B(z, 8R0).
If Σi is a disk we can not have Σi ⊂ BΣ(z, 2βkαR0) ∩Σi ∩B(x, r0) since
this would imply that c is contractible in Σ ∩ B(x, r0), contradicting the
assumption. If Σi is not a disk it contains at least one non-separating curve
d, since ∂Σi is connected. For l1 and hence R0 sufficiently small, we can not
have d ⊂ BΣ(x, 2βkαR0). Indeed, by Corollary 4.4, this would imply that
we could find a non-separating curve d′ having
length(d′) ≤ 6βkαR0 < l0,
contradicting the assumptions. 
Below, we will solve a Plateau problem in M \Σ with boundary given by
a curve c as above. In this situation, Lemma 5.6 implies that Σ is a useful
barrier.
Proposition 5.7. Given l0 there is l2 depending on l0 and M with the
following property. Let Σ ⊂ M is a closed minimal surface all of whose
non-separating curves have length at least l0. Then all curves on Σ which
are non-contractible in balls B(x, r0) have length at least l2.
We will apply this to two types of curves. On the one hand, applied to
homologically trivial non-contractible curves, this implies that the homology
systole of a sequence Σj tends to 0 if we can show that the systole does so.
On the other hand, we will apply it to short curves bounding (large) disks
in Σj in order to understand the convergence of Σj to a limit lamination.
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Proof. Let us first consider the case of M being simply connected. After-
wards we reduce the general case to this special case. We argue by contra-
diction and assume that we can find a sequence of minimal surfaces Σj such
that
(1) All non-separating curves in Σj have length at least l0
(2) There is a mean convex ball B(x, r0) and curves cj ⊂ Σj ∩B(x, r0)
which are separating in Σj , non-contractible in Σj ∩B(x, r0), and
length(cj)→ 0.
By choosing a different cj if necessary we may in addition assume that
any separating curve dj ⊂ Σj which is contained in some mean convex ball
B(y, r0) and non-contractible in Σj ∩B(y, r0) satisfies
length(cj) ≤ 2 length(dj).
Since M is simply connected, Σj separates M into two mean-convex con-
nected components
M \ Σj =M1j ∪M2j .
Clearly, c is null homologous in both of them.
In addition, we claim that least one of M1j and M
2
j has the following
property: If length(cj) ≤ l1 from Lemma 5.6, then any surface S ⊂M ij with
∂S = c satisfies
(5.8) S ∩ ∂B(x, r0) 6= ∅.
If this was not the case, we would find S1j ⊂M1j ∩B(x, r0) and S2j ⊂M2j ∩
B(x, r0) such that ∂S
i
j = c. The surface Sj = S
1
j ∪ S2j ⊂ B(x, r0) is a closed
surface and separates B(x, r0) into two connected components. Moreover
(5.8) does not hold for S, so that one of these components is contained in
B(x, r0− δ) for some small δ > 0. By construction, this component contains
a component of Σj \ cj contradicting Lemma 5.6.
Let M1j be the component having property (5.8). By [HS79] we can find a
stable minimal surface Γj ⊂M1j with ∂Γj = cj which minimizes area among
all surfaces in M1j which have boundary cj . Up to taking a subsequence, we
may assume that cj ⊂ B(x, rj) for radii rj → 0. It follows from (5.8) that
(5.9) Γj ∩ ∂B(x, r0) 6= ∅
for j sufficiently large. Moreover, by the curvature estimates [Sc83], there is
a constant C such that
sup
Γj∩(M\B(x,r))
(r − rj)2|AΓj |2 ≤ C
for any r > rj . In particular, we can pass to a subsequence such that
Γj → L
in C0,αloc (M \ {x}), where L is a minimal Lipschitz lamination. Since Γj
is stable, the same argument as in [CKM17, Lemma 4.1] implies that the
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lamination L extends to a lamination L˜ across {x} with stable leaves. From
(5.9), we find that there is a leaf Γ¯ ⊂ L˜ with
Γ¯ ∩ ∂B(x, r0) 6= ∅.
In particular, Γ¯ is non-empty. Moreover, invoking [FS80] and [SY83] once
again, Γ¯ is closed. Finally, since M is simply connected, Γ¯ is two-sided.
Since M has positive Ricci curvature, this is a contradiction since Γ¯ is a
non-empty, two-sided, closed, stable minimal surface in M .
We now consider the general case in which we can assume that M is not
simply connected. We can pass to the universal covering pi : M˜ →M , which
is compact by the Bonnet–Myers theorem. In particular, there is a finite
group G acting freely on M such that M = M˜/G. We obtain minimal
surfaces
Σˆj = pi
−1(Σj) ⊂ M˜.
Since M has positive Ricci curvature, by the Frankel property, the surfaces
Σˆj are connected.
We may assume that r0 is chosen sufficiently small such that
g(B(x, r0)) ∩B(x, r0) = ∅
for any g ∈ G \ {e}. If there is a non-contractible curve cj ⊂ Σj ∩B(x, r0),
with
length(cj) ≤ l0,
we may again assume that cj is chosen to have properties (1) and (2) from
above. It follows from our assumption that cj is separating. Therefore, by
Lemma 4.5, also cˆj := pi
−1(cj) is separating. Moreover, by the choice of r0,
and recalling l0 ≤ r0, we see that cˆj consists of |G| disjoint, closed curves.
We can now argue exactly as above and and minimize area in the correct
component of M˜ \ Σˆj relative to the boundary cˆj . Finally, by Lemma 5.6 3,
the limit lamination will be non-empty and we can conclude as in the first
case. 
Remark 5.10. For curves that are non-contractible in Σ ∩ B(x, r) but
contractible in Σ, it should be possible to extend Lemma 5.6 to bumpy
metrics of positive scalar curvature. In this situation one component of
Σj \ cj is a planar domain and one can write large parts of this component
as graph over Γj. This can then be used to construct a non-trivial Jacobi
field on Γ
Proof of Theorem 1.1 for k = 1. We argue by contradiction and assume that
we have sequence of minimal surfaces Σj ⊂M with
sysh(Σj) ≥ l0 > 0
3We apply this to Σj and observe that this trivially implies (5.9) for Σˆj .
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for some positive constant l0. We claim that this implies, that there is r1 > 0
such that
(5.11) Σj ∩B(x, r1) consists of disks for any x ∈M.
In fact, if we apply Proposition 5.7 to Σj we get some l2 > 0 such that
all curves in Σj of length at most l2 are contractible in the intersection
of Σj with some mean convex ball B(x, r0). In particular, it follows from
Lemma 4.3 that any intrinsic ball BΣ(z, l2/3) is contained in some disk Dz
with
BΣ(z, l2/3) ⊂ Dz ⊂ Σj ∩B(z, r0).
The claim now easily follows with r1 = αl2/3 from Theorem 3.1, where also
α > 0 is from Theorem 3.1.
Clearly, after potentially decreasing r1, (5.11) holds for the surfaces Σˆj ⊂
M˜ as well. Therefore, it suffices to derive a contradiction from (5.11) if M
is simply connected.
Thanks to (5.11) and [Wh15](see also [CM15] which gives Lipschitz curves),
we can pass to a subsequence such that
Σj → L in M \ S
outside the singular set S which is contained in a union of C1-curves. It
follows from Lemma 5.1, that S 6= ∅. In particular, we can pick x ∈ S and
the associated collapsed leaf Γx. Moreover, since Γx is a limit leaf of L it
is stable by [MPR10]. It follows from Proposition 2.4 that Γx extends to a
complete minimal surface Γ¯ in M and that S ∩ Γ¯ is discrete. In particular,
also Γ¯ is stable and by [FS80] and [SY83], its universal cover is diffeomorphic
to S2. Since M is simply connected, it does not contain any one-sided
surfaces and we conclude that Γ¯ is a two-sided, closed, stable minimal surface
in M . This is clearly a contradiction, since M has positive Ricci curvature.

5.3. Existence of multiple short curves. We now proceed to the proof
of the general case of Theorem 1.1.
Recall that we assumeM to be a closed three-manifold with positive Ricci
curvature. Assume we have a sequence of minimal surfaces (Σj)j∈N in M
with the following property. There is a natural number k ≥ 1 and for each
j a set {c1j , . . . , ckj } of simple closed curves in Σj such that
(1) length(cij)→ 0 for i = 1, . . . , k as j →∞,
(2) rank〈[c1j ], . . . , [ckj ]〉 = k in H1(Σj ;Z/2Z),
(3) there is l0 > 0 such that if a closed curve dj ⊂ Σj has length(dj) ≤ l0,
then [dj ] ⊂ 〈[c1j ], . . . , [ckj ]〉.
Note that (3) allows for [dj ] = 0.
By taking a subsequence we may assume that cij → xi ∈ M and that
cij ⊂ B(xi, rj) for a sequence of radii rj → 0.
In a first step we prove that Σj is ULSC off the set {x1, . . . xk}.
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Proposition 5.12. Assume (Σj) is as above. Given r1 > 0 there is r2 =
r2(M,g, l0) such that Σj ∩ B(x, r2) consists of disks only for x ∈ M \
∪ki=1B(xi, 4r1) and j sufficiently large.
We want to follow the same strategy that we used to obtain Proposi-
tion 5.7. Because of the short curves cij , we need to be more careful in how
we select the scale on which we work.
In order to find the correct scale, we define functions lj , fj : Σj → [0,∞)
as follows. We consider the set Cj of curves in Σj given by
Cj(x) := {c : S1 | 0 6= [c] ∈ pi1(Σj ∩B(x, r0), x), 0 = [c] ∈ H1(Σj;Z/2Z)}.
Then the first functions is defined via
lj(x) := min{1, inf{length(c) | c ∈ Cj(x)}},
and fj is a scale invariant version of (the inverse of) this, that incorporates
the distance to the short curves cij, given by
fj(x) = lj(x)
−1 dist(x, c1j ∪ · · · ∪ ckj ).
Proof of Proposition 5.12. We argue by contradiction and assume that we
can find a simple closed curve dj ⊂ Σj such that
(5.13) length(dj)→ 0,
and
(5.14) dj ⊂M \ ∪ki=1B(xi, 2r1),
but
dj is non-contractible in any Σj ∩B(x, r0).
If we can not find such a curve, the assertion follows from Theorem 3.1
combined with Lemma 4.3 and the convex hull property (cf. the beggining
of the proof of Theorem 1.1 in the k = 1 case).
By (5.14) and up to taking a subsequence, we can assume that
dj → y ∈M \ ∪ki=1B(xi, 2r1).
Observe that (5.13) combined with the assumption implies that [dj ] ∈
〈[c1j ], . . . , [ckj ]〉.
We have to distinguish the following two cases,
a) the curve dj is non-separating, or
b) the curve dj is separating, i.e. [dj ] = 0.
We start with case a). In this case it follows from Lemma 4.2, that
Σj ∩
(
M \ ∪ki=1B(xi, rj)
)
= Σ1j ∪ Σ2j ,
where now Σij are connected, disjoint minimal surfaces with
∂Σij ⊂ dj ∪
k⋃
i=1
∂B(xi, rj).
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Since dj is non-separating in Σj, it follows immediately that
(5.15) Σij ∩ ∂B(y, r1) 6= ∅,
holds for Σ1j and Σ
2
j for j sufficiently large. By the same arguments as in
the proof of Proposition 5.7 we may assume that M is simply connected.
We can now minimize area with boundary dj in M \ ∪ki=1B(xi, rj) instead
of all of M . (One can either make the boundary of this mean convex by
changing the metric slightly or work with currents that are not smooth up
to the boundary.) By stability, the limit lamination extends also across the
set {x1, . . . , xk} and we can argue as in the proof of Proposition 5.7.
For the remaining case b), we prove the stronger assertion that fj is
uniformly bounded. This handles case b) as follows. If fj ≤ C, then for
x ∈M \ ∪ki=1B(xi, 2r1), we find that
lj(x) ≥ C−1 dist(x, c1j ∪ · · · ∪ ckj ) ≥ C−1r1
for j sufficiently large, which contradicts (5.13).
In order to show that fj is uniformly bounded, we argue by contradiction
and assume that
(5.16) sup
Σj
fj →∞
as j → ∞. Note that fj ≤ Cj for some constant Cj > 0, since Σj is a
smooth and closed surface, therefore, we can pick 4 xj ∈ Σj, such that
2fj(xj) ≥ sup
Σj
fj.
The assumption (5.16) implies that there is a loop dj based at xj, that
is non-contractible in the intersection of Σ with any mean convex ball such
that
(5.17) length(dj) ≤ o(1) dist(xj, c1j ∪ · · · ∪ ckj ).
We can assume that any other loop ej based at xj that is non-contractible
in the intersection of Σ with any mean convex ball has
(5.18) length(dj) ≤ 2 length(ej).
For x ∈ Σj ∩B(xj, 2 length(dj))), we find from (5.17) that
dist(x, c1j ∪ · · · ∪ ckj ) ≥ dist(xj , c1j ∪ · · · ∪ ckj )− 2 length(dj)
≥ 1
2
dist(xj , c
1
j ∪ · · · ∪ ckj )
for j sufficently large. Therefore, by the choice of xj , we have
(5.19) 4lj(x) ≥ lj(xj)
for any x ∈ Σj ∩B(xj, 2 length(dj))).
4Note that this is the standard selection procedure for such scales adapted to our
situation.
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Since dj is separating, we can write
Σ \ dj = Σ1j ∪ Σ2j
for connected minimal surfaces Σij with boundary dj. We claim that
(5.20) Σij ∩ ∂B(xj, r0) 6= ∅
for i = 1, 2.
For ease of notation, we prove (5.20) for Σ1j , the argument for Σ
2
j is
analogous. To prove (5.20), we first observe that (5.17) and the convex hull
property imply this immediately, if clj ⊂ Σ1j for some l. Therefore, using
the bound (5.19) combined with the choice (5.18), we can argue as in the
proof of Lemma 5.6, or we find a ball B(z, length(dj)/3) ⊂ Σ1j that contains
a homologically non-trivial, simple closed curve e with [e] ⊂ 〈c1j , . . . , ckj 〉. In
the latter case (5.15) follows for homological reasons and (5.17). Since dj
is separating, by Lemma 4.1, we can pick a curve f ⊂ Σ1j that intersects
e exactly once. In particular, by the assumption on e, it follows that f
needs to intersect at least one of the curves cij , which are not contained in
B(xj, 2 length(dj)) for j sufficiently large thanks to (5.17). Since f ⊂ Σ1j ,
(5.20) then follows from the convex hull property.
We can now once again argue as in the proof of Proposition 5.7 and
conclude the proposition. 
Lemma 5.21. We have S ∩M \ ∪ki=1B(xi, r0) 6= ∅ for some r0 > 0.
Proof. Assume that S ⊂ {x1, . . . , xk}. By Corollary 4.8, we can assume that
area(Σj) is unbounded.
For simplicity, let us scaleM to have |sec| ≤ 1, and writeBs = ∪ki=1B(xi, s).
The monotonicity formula then implies
area(Σj ∩ (B2r0 \Br0)) = area(Σj ∩B2r0)− area(Σj ∩Br0)
≥
(
4
e2r0
− 1
)
area(Σj ∩Br0)
≥ area(Σj ∩Br0)
if r0 ≤ log(2)/2, which in turn implies
2 area(Σj \Br0) ≥ area(Σj \Br0) + area(Σj ∩ (B2r0 \Br0))
≥ area(Σj)→∞.
We can now argue essentially as in Lemma 5.1. We first conclude that there
is a leaf with stable universal cover, then use stability to extend it across the
isolated singularities S and eventually use the log-cut off trick to conclude
that this is still stable. 
Proof of Theorem 1.1. For pi : M˜ → M the universal covering, consider the
surfaces Σˆj = pi
−1(Σj) and denote X = pi−1({x1, . . . , xk}). We can pass to
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a subsequential limit
Σˆj → L in C0,αloc (M˜ \ S),
where clearly X ⊂ S. It follows from Proposition 5.12 that the surfaces are
ulsc away from X . Moreover, thanks to Lemma 5.21, we can find a collapsed
leaf Γ ⊂ L, which extends across S \ X by Proposition 2.4. Moreover, since
this is stable, it also extends across the isolated points X to a complete,
stable minimal surface, which implies a contradiction as in the k = 1 case.

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